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In 3-space, compact orientable surfaces with nonempty boundary and positive curvature play the role of Seifert 
surfaces in a curvature-sensitive rsion of knot theory. The following result states that the isotopy classes of such 
surfaces are in a one-to-one correspondence with the isotopy classes of ordinary surfaces which have no constraint 
on their curvature. 0 1998 Elsevier Science Ltd. All rights reserved 
MAIN THEOREM. (a) In 3-space, any compact orientable surface with nonempty boundary 
can be deformed into one with positive curvature. 
(b) Any two such surfaces with positive curvature can be deformed into one another 
through surfaces of positive curvature if and only if they can be deformed into one another 
through ordinary surfaces, preserving their natural orientations. 
In the first paper [S] of this series, we proved 
THEOREM A. Any two smooth simple closed curves in 3-space, each having nowhere 
vanishing curvature, can be deformed into one another through a one-parameterfamily of such 
curues if and only if they have the same knot type and the same self-linking number. 
This result holds as well for links in place of knots. It also follows from the “Cl-dense 
one-parametric h-principle” proved by Eliashberg and Gromov [7] in 1971; see Gromov’s 
[6] book. It was previously known to Bill Pohl, though never published, according to his 
former students John Little and James White. 
The hypothesis of nowhere vanishing curvature is the standard one in the geometric 
theory of curves in 3-space, always achievable by slight perturbation, and enabling the 
construction along the curve of the moving Frenet frame, consisting of the tangent, 
principal normal and binormal vectors. The self-linking number of the curve is then defined 
to be its linking number with its own displacement along the principal normal. Self-linking 
numbers in 3-space can be viewed as akin to winding numbers in the plane, and Theorem A 
regarded as a natural generalization of the Whitney-Graustein theorem [12] to 3-space, in 
a knot-theoretic setting. 
Our proof of the Main Theorem of this paper will depend on first proving a revised 
version of Theorem A, dealing with families of arcs of nowhere vanishing curvature. 
attached at their endpoints to a disk of positive curvature. 
Surfaces of positive curvature in 3-space are closely connected with self-linking of knots: 
l If a smooth knot lies on a surface of positive curvature, then its own curvature never 
vanishes, and hence its self-linking number is defined. 
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l If two smooth knots on a surface of positive curvature are isotopic on that surface, then 
their self-linking numbers are equal. 
l If a smooth knot is the boundary of a compact orientable surface of positive curvature, 
then its self-linking number is zero. 
l If two smooth knots together bound a compact orientable surface of positive curvature, 
then their self-linking numbers are equal. 
Orientable surfaces of positive curvature in 3-space come with a “natural orientation” 
(referred to in the statement of the Main Theorem), since their “inward pointing” normals 
can be distinguished from their “outward pointing” normals. 
A fundamental question, closely related to Problem 26 in Yau’s list [13] of open 
problems in geometry, is: 
Which knots bound positive curvature surfaces? 
A necessary condition is that the knot have nowhere vanishing curvature and self-linking 
number zero. But this is not enough, and we will prove 
THEOREM B. In 3-space, there exist simple closed curves with nowhere vanishing curvature 
and self-linking number zero, which do not bound any compact orientable surface of positive 
curvature. 
What then is the appropriate version, in the presence of curvature, of Seifert’s [lo] 
theorem that every knot in 3-space bounds a compact orientable surface? As a first step, we 
will prove 
THEOREM C. In 3-space, any simple closed curve with nowhere vanishing curvature and 
self-linking number zero can be deformed through such curves until it bounds a compact 
orientable surface of positive curvature. 
A necessary and sufficient condition for a knot to lie on a smooth closed surface of 
positive curvature will appear in the thesis of Mohammad Ghomi, of Johns Hopkins 
University. 
This paper is organized into the following sections: 
1. The Frenet frame and equations. 
2. Model ribbons of positive curvature. 
3. Model surfaces of positive curvature. 
4. Proof of part (a) of the Main Theorem. 
5. Interpolation and deformation of positive curvature surfaces. 
6. The original version of Theorem A. 
7. The revised version of Theorem A. 
8. Proof of part (b) of the Main Theorem. 
9. Proof of Theorem B. 
10. Proof of Theorem C. 
1. THE FRENET FRAME AND EQUATIONS 
Let C = C(s) = (x(s), y(s), z(s)) be a smooth curve immersed in 3-space and paramet- 
rized by arc length s. We take the unit tangent vector T(s) = C’(s), and from this define the 
curvature K(S) = 1 T’(s)l, which we assume never vanishes. Then we define the unit principal 
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normal vector N(s) = T’(s)/1 T’(s)], so that T’(s) = rc(s)N(s). The unit binormal vector 
B(s) = T(s) x N(s) is defined, using the cross product in R3 (which we take to be oriented). 
The three unit vectors T(s), N(s) and B(s) are mutually orthogonal and together form the 
Frenet frame along our curve. 
The Frenet equations tell us how this frame turns and twists as we move along the curve: 
T’(s) = K-(sW(s) 
N’(s) = -K(S) T (s) + T(s)B(s) 
B’(s) = -z(s)N(s). 
The curvature K(S) is strictly positive by construction, while the torsion z(s) is unrestricted. 
These equations appeared in the thesis of F. Frenet (Toulouse, 1847), an abstract of which 
was published in 1852, and were independently discovered by J. A. Serret in 185 1. They 
provide the basis for studying curves in 3-space by the method of moving frames. 
2. MODEL RIBBONS OF POSITIVE CURVATURE 
Let C = C(s) = (x(s), y(s), z(s)) be a smooth curve with nowhere vanishing curvature, 
embedded in 3-space and parametrized by arc length. We want to construct a ribbon of 
positive curvature by attaching, at each point of C, a small circular arc lying in the plane 
normal to C, so that the center of the arc lies along the “positive” principal normal. 
We do this as follows. 
Let r denote the common radius of all the small circular arcs to be attached to C. Then 
the center of the circle which meets the curve C at the point C(s) will be located at the point 
C(s) + rN(s). Thus, the ribbon can be defined parametrically by 
P(s, 0) = [C(s) + rN(s)] + r cos O(- N(s)) + r sin 8 B(s) 
= C(s) + r(1 - cos @N(s) + r sin 0 B(s) 
with the width of the ribbon constrained by the inequality - BO < 0 6 OO. 
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It is a straightforward exercise, using the Frenet formulas, to compute the Gaussian 
curvature K(s,0) of this ribbon-like surface, and sufficient for our purpose to compute it 
along the curve C. The answer is 
K(s, 0) = (x(.7)/r) - z(s)’ 
where JC(S) > 0 is the curvature of C and z(s) its torsion. Hence, whenever r(s) # 0, 
sufficiently large r will make K(s, 0) < 0. Thus, to guarantee positive Gaussian curvature 
along C, we must choose 
r < mjn [ic(s)/r(s)*] 
Assuming that our curve C is either a compact arc which includes its endpoints, or else 
a simple closed curve, this minimum value will be strictly positive, and so the desired radius 
r can always be chosen small enough to make the Gaussian curvature of the ribbon positive 
along the curve C. Then, making the ribbon narrow enough by choosing 19~ sufficiently 
small will guarantee that the Gaussian curvature is strictly positive everywhere; it will also 
insure that the ribbon is embedded. 
After taking such precautions with the choices of r and BO, we will call the resulting 
surface a model ribbon of positive curvature. The curve C is a geodesic on this ribbon, because 
its principal normal vector coincides with the normal to the surface. 
3. MODEL SURFACES OF POSITIVE CURVATURE 
Consider the surface of positive curvature pictured below. It is a deformation of 
a standard Seifert surface of genus one bounded by the trefoil knot. 
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The “top” of the surface is a spherical cap on a round sphere of radius r. Hanging from 
this spherical cap are two model ribbons of positive curvature, each a union of circular arcs 
of this same radius r, constructed as in the previous section. The ribbons have been widened 
slightly near the spherical cap, so that the entire surface can have a smooth boundary. 
We will call such a surface a model surface of positive curvature. 
The union of the spherical cap and the center curves of the ribbons will be called a spine 
of the model surface. If the spherical cap were shrunk to a point, the spine would become 
a bouquet of simple closed curves. Indeed, the spine already contains such a bouquet, in 
which the center curves are extended all the way up to the “north pole” of the spherical cap. 
In the picture, we show the two ends of each ribbon attached at diametrically opposite 
locations along the boundary of the spherical cap. As a result, the center curve of each 
ribbon, when extended up to the north pole, passes moothly through the pole, and so forms 
a smooth, simple closed curve on the surface. But we do not assume that this is always the 
case; indeed, if the surface is homeomorphic to a twice punctured torus, for example, the 
three ribbons can not all have their ends attached at diametrically opposite points along 
the boundary of the spherical cap. 
Nevertheless, suppose we have a model surface of positive curvature and, focusing 
on one of the ribbons, smoothly connect the two endpoints of its center curve by an arc on 
the spherical cap. The resulting smooth, simple closed curve has nowhere vanishing 
curvature, since it lies on a surface of positive curvature, and hence its self-linking number is 
defined. This self-linking number does not depend on the choice of connecting arc on the 
spherical cap, because two different choices will yield two simple closed curves which are 
isotopic on the surface, and which therefore (as noted in the introduction) have the same 
self-linking number. As a result, this self-linking number is really a feature of the ribbon 
itself. 
In the previous discussion, we started with a model surface of positive curvature and 
focused on a certain subset, its spine. Now we want to reverse the order of events: start with 
a spine and then build from it a model surface of positive curvature. 
If the spine is just “topological”, i.e. a smooth disc with a number of smooth arcs 
smoothly attached at their endpoints to its boundary, we can easily deform it to a “metri- 
cally acceptable” spine. First we deform the disc to a spherical cap, which is possible because 
any two smooth discs in 3-space are smoothly isotopic to one another. Then we perturb the 
arcs slightly, so as to give them nowhere vanishing curvature. This is possible because 
nowhere vanishing curvature is a generic condition on arcs in 3-space, always achievable by 
a slight perturbation. 
In doing this, we can give each of the arcs an arbitrarily preassigned self-linking number 
by a smooth perturbation which is Co-close to the identity, simply by adding an appropri- 
ate number of small “loops”. With a little care, we could make the perturbation Cl-close to 
the identity. 
Next we want to expand each arc to a ribbon of positive curvature, as in Section 2, by 
adding a family of small circular arcs whose radius equals the radius r of the spherical cap. 
But it is perfectly possible that this value of r may be too large to satisfy the inequality 
r -=: min, [K(s)/T(s)‘], which we saw in Section 2 to be necessary to keep the curvature of the 
ribbon positive. So one more alteration of the spine is in order. 
At this stage, we do not want to change the arcs any more, so will instead alter the 
spherical cap . . . “sharpen” it . . . as follows. 
In the figure below, we show how to “sharpen” a circle in an arbitrarily small neighbor- 
hood of its north pole. The new curve coincides with a smaller circle near its north pole, 
loses some curvature in an intervening region, and then coincides with the original circle 
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elsewhere. Rotating this construction about a north-south axis provides the appropriate 
construction for “sharpening” a sphere. 
Applying this construction to the spine has the following effect: 
Although the arcs of the spine have been lengthened uring this procedure, the added 
portions all have vanishing torsion, so the minimum value of +)/r(s)’ does not change. We 
call the new spine a model spine ofpositive curuattlre. Expanding its arcs to model ribbons of 
positive curvature by the procedure of Section 2, using the new value of r, then gives us the 
desired model surface of positive curvature. 
4. PROOF OF PART (a) OF THE MAIN THEOREM 
Let M be a compact, orientable surface with nonempty boundary, embedded in 3-space. 
We will prove part (a) of the Main Theorem by deforming M into a model surface of 
positive curvature. For simplicity of exposition, we will assume that M is connected. 
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What are the possible isotopy types of such surfaces? 
Let Kc M be a topological spine for M, i.e. a smooth disc together with a finite number 
of smooth acrs Ci, . . , C, connecting boundary points on the disc, chosen so that M defor- 
mation retracts to K. For each arc Ci, smoothly connect its endpoints by an arc on the disc 
so as to produce the simple closed curve Ki c K. Perturb Ki a short distance E along the 
unit normal vector N2M to M, yielding K: = Ki + &NM, and compute the linking number 
ii == L(Ki, K:). This linking number does not depend on the specific choice of Ki: two 
different choices will differ only in the selection of the arc on the disc connecting the two 
endpoints of Ci, and hence will be isotopic to one another on the surface M; the linking 
number of Ki with its perturbation Ki in the direction of the normal to the surface is clearly 
invariant under such an isotopy. 
The important point is that the isotopy type of the surface M is completely determined 
by the isotopy type of the spine K, together with the integers 1i, . ,A,. 
Now start with the surface M that we want to deform to positive curvature, and let 
K CI M be a spine, as above, with corresponding linking numbers /2i, . . , An. We can shrink 
M into a small neighborhood of K by an ambient isotopy, so that the shrunken M can be 
visualized as a cap with n ribbons attached, one for each arc CL. 
Next, take the topological spine K and improve it metrically as follows. First deform the 
disc to a spherical cap. Then perturb the arcs Ci slightly, so as to give them nowhere 
vanishing curvature. Next deform the arcs a little more, adding some small loops as 
necessary, so as to make the self-linking number of each curve Ki equal to pi. Then sharpen 
and shrink the spherical cap so that its radius r is now strictly smaller than the minimum of 
K(s)/~(s)~, taken over all the arcs Ci. Then expand each arc on this latest spine to a model 
ribbon of positive curvature by the procedure of Section 2, using the current value of the 
radius r. This gives us the desired model surface M+ of positive curvature. 
The spine of M+ is, by construction, isotopic to the spine of M. Furthermore, for each 
simple closed curve K+ on the spine of M+, the linking number of K+ with its perturbation 
in the direction of the normal to M+ is the same as its self-linking number, which by 
construction is pi. It follows that M+ is isotopic to M, completing the proof of part (a) of the 
Main Theorem. 
5. INTERPOLATION AND DEFORMATION OF POSITIVE CURVATURE SURFACES 
Before continuing with the proof of the Main Theorem, we collect in this section a number 
of lemmas dealing with interpolation and deformation of surfaces of positive curvature. 
Suppose a surface in 3-space is presented as the graph of a function, z =f(x, y), defined 
over some region in the xy-plane. Then its curvature is given by the formula 
K = (fxxfyu -f&/(1 +ff +f;)’ 
and hence inherits the sign of the numerator, fX.fY, -ff,. If the surface is positively curved, 
then naturally both fXX and& must have the same sign. If this common sign is positive, we say 
that the surface is curved upwards; if it is negative, we say the surface is curved downwards. 
LEMMA 1. Given two positive curvature graphs, 
z =f(x, Y) and z = 61(x, y), 
both dejined over the same region in the xy-plane, and both curved the same way (upwards 01 
downwards). Then the graph of 
z = tf(x,y) + (1 - t)g(x,y), 0 < t < 1 
also has positive curvature. 
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Proof: Let us say that both graphs are curved upwards. Fixing x and y, write A =fX,, 
B =fXY and C =fYY. 
We assert that the region {(A, B, C): AC - B2 > 0, A > 0, C > 0} in 3-dimensional 
ABC-space is convex. Indeed, under rotations and dilations, both of which preserve 
convexity, the region can be transformed to the region {(A, B, C): C2 > A2 + B2, C > O>, 
which is an open half-cone with circular cross section, hence visibly convex. 
The lemma follows immediately from this assertion. q 
Next we need a lemma which lets us patch together two surfaces of positive curvature 
without losing the positive curvature, keeping most of one surface, together with a small 
disk on the other. 
LEMMA 2. Let z = F(x, y) and z = G(x, y) be two positive curvature surfaces, both tangent 
to the xy-plane at the origin, and agreeing there through second order. Then there is a positive 
curvature surface z = H(x, y) which agrees with G(x, y) inside the s-disk x2 + y2 < E’, and 
with F(x, y) outside the 3s-disk x2 + y2 < 9~~, for st@ciently small E > 0. 
Proof: To help with the interpolation, we need a function q(r) defined for r 2 0, such 
that 
q(r) = 0 for 0 < r 6 ~2 
0 < q(r) < 1 for E < r < 3s 
q(r) = 1 for r > 3~. 
I >r 
E 2E 3.5 
In choosing such a function, we can also arrange that 
q’(r) < l/c and q”(r) < 2/s2 
everywhere. 
Given such a function, we simply define H = qF + (1 - cp) G, i.e. 
H(x,y) = cP(r)F(x,y) + (1 - cP(r))G(x,y) 
where r = (x2 + y’)“‘. We will show that H,,H,, - HZ, > 0 everywhere, provided that we 
choose E sufficiently small. 
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We will need some information about the sizes of the partial derivatives of cp. First, since 
r = (x2 + y2)112, we have 
40X = cp’xlr, 40, = @ylr 
cpXX = @x2/? + (p’y2/r3 
(pXY = cp”xy/? - cp’xy/r3 
‘pyv = q”y2/r2 + q3’x2/r3. 
Now for the purpose of estimates, we have 
lcp.4 = I@lIx/rl <(l/41 = l/c 
and likewise J(p,,l -C l/s. Furthermore, 
l~,,l G Iv”1 Ix2/r21 + Iv’1 ly2/r21 IV-I 
< (2/c2)1 + (l/E)l(l/r). 
But we can assume that E < r < 36, for outside this range cp is constant, and so all its 
derivatives are zero. Thus l/r < l/~, and hence 
I cpxxl < 2/E2 + (1/&)(1/E) = 3/E2. 
In similar fashion, we get 
I%Yl < 3/s2 and 1~~~~1 < 3/s2. 
For our purposes, it will be sufficient to record that 
CPX = 0(1/s), ‘py = 0(1/s), rpXX = O(I/e2), (Pxy = O(l/e2), ‘pyv = O(l/e2), 
as I: + 0 and x2 + y2 < 9~~. 
Now we write 
F(x, y) = (1x2 + bxy + cy2 +f(x, y) 
G(x, y) = ax2 + bxy + cy2 + g(x, y) 
withf; g = O(r3). As before, we will rewrite this asf; g = 0(c3), for x2 + y2 c 9~~. 
Likewise, fx, f,, gX, gy are all 0(s2), while_& fxy, fyy, gX,, gXy, gyy are all O(E). 
Then 
H(TY) = cPWky) + (1 - cP(r))W,y) 
= ax2 + bxy + cy2 + cPW%, y) + (1 - rp(r)Mx, y). 
Now at the origin we have 
FxxFYy - F$ = G,,G,, - G& = 4ac - b2 > 0. 
We will show that 
H.&J&, - Hf, = (4ac - b2) + O(E) 
inside the 3s-disk, and the Lemma will follow. 
Now 
HZ = 2ax + by + vxf + cp_L - vx9 + (1 - cp)gxY 
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H,x = 22 + (Pxxf+ 24&f, + qfx, - cpxxg - w&L f (1 - &Lx 
= 2a + 0(1/&2)0(&3) + 20(1/&)0(&~) + O(E) 
+ 0(1/&‘)0(&3) + 20(1/&)0(&~) + O(E) 
= 2a + O(E). 
Likewise, 
H,, = b + O(E) and H,, = 2c + O(E). 
Thus 
HxyHyy - H:r = [2a + 0(&)][2C + O(E)] - [b + o(E)12 
= (4ac - b2) + O(E) 
which is > 0 for sufficiently small E > 0, completing the proof of the lemma. 0 
Of course, using Lemma 1, either F or G can be deformed into H through positive 
curvature surfaces. For example, the one-parameter family of positive curvature surfaces 
z = (1 - t)F(x,y) + tH(x,y) 
begins at t = 0 with F, is always equal to F outside the &-disk, and ends at t = 1 with 
a surface which coincides with G inside the c-disk. 
LEMMA 3. Any positive curvature surface can be deformed through positive curvature 
surfaces so as to make it coincide with a sphere on some open set. 
Proof Appropriate choice of coordinate axes will give our surface the form 
z = E(x,y) = ax2 + cy2 + e(x, y) 
with e = O(r3), near a preassigned point on the surface. Gradual dilation of the y-axis will 
deform this surface through positive curvature surfaces into the form 
z = F(x,y) = ux2 + ay2 +f(x,y) 
near the origin. Now it has second-order contact at the origin with a sphere of the form 
z = G(x, y) = ax2 + ay2 + g(x, y) 
and Lemma 2 finishes the job. 0 
We turn now to isotopy of ribbons of positive curvature. 
An embedding F: [0, l] x [- E, E] + R3 whose image has positive curvature every- 
where will be called a ribbon of positive curvature. Its center line is the arc F([O, 1) x 0. 
For convenience, we will usually take s to be an arc length parameter along the center 
line. 
LEMMA 4. Two ribbons of positive curvature having a common centerline can be isotoped 
into one another through ribbons of positive curvature without moving the centerline. Further- 
more, zf the two ribbons agree near their ends, then the isotopy can be kept constant near 
the ends. 
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ProoJ Let C(s) = F(s,O) be the centerline, parametrized by arc length. Fix a point on 
C(s), and let T(s), N(s), B(s) be the Frenet frame there. Intersect the ribbon with the plane 
through C(s) spanned by N(s) and B(s) to get a “small” convex curve C* with principal 
normal N* at C(s), as shown below. 
In fact, N*, since it is orthogonal to both C and C*, is the surface normal at the point 
C(s). Since the ribbon has positive curvature, the angle between N and N* is < 90”. Hence, 
the ribbon, if narrow enough, can be more naturally parametrized as 
Jys, t) = C(s) + Q?(s) +f(s, t)N(s). 
We now want to compute the curvature of the ribbon along its center line C. 
So we need to compute the values of the first and second partial derivatives of P(s, t) 
when t = 0. 
We begin by noting that f(s, 0) = 0, and hence 
fs(s, 0) = 0 and fss(s, 0) = 0. 
Let us put fr(s, 0) = a(s) and ftt(s, 0) = b(s). 
Then straightforward calculation, using the Frenet formulas, reveals 
I-&, 0) = T 
p,(s,O) = B + UN 
p,,(s,O) = fcN 
p,,(s,O) = - UKT + (a’ - z)N + ad 
p,,(s,O) = m. 
With this information in hand, we record the first fundamental form of the ribbon along 
the center line: 
E=(P,,P,)=l 
F=(P,,P,)=O 
G = (p,,p,) = 1 + u2. 
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Hence 
EG - F2 = 1 + a’. 
The unit normal to the surface along the center line is given by 
N* = - P, x P,/l& x ptl = (N - aB)/(l + a2)lj2. 
The second fundamental form of the ribbon along the center line is 
e = (N*,P,,) = x/(1 + a2)112 
‘f= (IV*,&) = (a’ - z - a’z)/(l + a’)l” 
Hence 
g = (N*,P,,) = b/(1 + a2)112. 
eg -f” G {brc - [a’ - (1 + a2)r]“}/(l + a’). 
Thus, the curvature of the ribbon along its center line is given by 
K = (eg -f2)/(EG’- F2) = {brc - [a’ - (1 + a2)r]2}/(1 + a2)2. 
Now we want to “twist” the ribbon so that its normal N* lines up with the principal 
normal N to the center line C, all the time preserving the positive curvature. In the end, this 
will mean that a(s) --* 0. But-shrinking a(s) directly to 0 may increase the quantity 
[a’ - (1 + a2)2]‘, and hence destroy the positive curvature of the ribbon. So first, as 
a protective measure, we increase b(s), which means increasing the curvature of the 
cross-sectional curves C* and also of the ribbon itself. We do this, without changing a(s), 
until 
bK > [la’1 + (1 + a’)lrl]’ 
all along the center line of the ribbon. At the same time, we make the ribbon narrower, if 
necessary, so that positive curvature is not lost far from the center line. 
After doing this, we decrease a(s) linearly to zero, without changing b(s), so that a’(s) 
goes linearly to zero as well. Then the quantity [ la’1 + (1 + a2)lrl]2 decreases towards r2. 
Hence we always have 
blc - [la’/ + (1 + a’)lzl]’ > 0. 
Then we certainly have 
bK - [a’ - (1 + a2)z]’ > 0, 
so the ribbon stays positively curved near its center line, and hence, if sufficiently narrow, 
everywhere. 
As a result of all this, the ribbon has been narrowed and twisted so that its normal N* 
along the center line C now coincides with the principal normal N to C. 
In other words, we now have a(s) =fr(s, 0) = 0, and then of course also a’(s) = 0. Hence 
the curvature of the ribbon along the center line is given by 
K = brc -TV, 
where b(s) =_&(s,O) is now exactly the curvature of the cross-sectional curve C*. We can 
compare this with the formula 
K = (l/r)K - r2 
obtained earlier for the curvature of a model ribbon of positive curvature, where r is the 
radius of the cross-sectional circles. 
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In any case, the formula 
K = btc - 22 =ftttc - z2 > 0 
tells us thatf,, > r2/x. 
If we have another such ribbon of positive curvature along the same center line C, then 
after the appropriate narrowing and twisting, we will have gtr > r2/~. 
A linear homotopy betweenf and g, 
u+(l -u)f+ug 
then isotopes one ribbon to the other, if they are narrow enough. Furthermore, the 
inequality 
(1 - U)_Lt + Vrt > r2/u 
shows that positive curvature is preserved along the center line, and hence everywhere for 
narrow ribbons. 
If the two ribbons agree on a neighborhood of their ends, it is easy to keep all our 
procedures constant on a slightly smaller neighborhood of the ends, and the proof of the 
lemma is complete. q 
6. THE ORIGINAL VERSION OF THEOREM A 
We use this section to restate Theorem A in its original form, and to outline the steps in 
its proof, as given in [S], so that they may serve as a framework for revision. 
THEOREM A. Any two smooth simple closed curves in 3-space, each having nowhere 
vanishing curvature, can be deformed into one another through a one-parameter-family of such 
curves if and only if they have the same knot type and the same self-linking number. 
Steps of the Proof: (1) G iven a smooth knot K with nowhere vanishing curvature, there is 
an open and dense set of planar projections K such that 
(4 
04 
I? is immersed. 
(4 
(4 
All the double points of K are nondegenerate, and in particular, there are just finitely 
many of them. 
K has no triple points. 
All the inflection points of K are nondegenerate, and in particular, there are justjnitely 
many of them. 
(4 The double points are disjoint from the inflection points. 
(2) If the smooth knot K has nowhere vanishing curvature, then it can be deformed through 
a one-parameter family of such knots until it has a planar projection with no inflection points, 
and thus with nowhere vanishing curvature. 
This is done by first dividing the inflection points into adjacent pairs, and “sliding” one 
member of each pair forward along the knot until it is sufficiently close to the other, as in the 
figure below. 
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The argument is completed by isotoping the knot (keeping its curvature nowhere zero) until 
each pair of close inflection points evolves into either a pair of opposite loops or a single 
loop. 
(3) Two smooth knots in 3-space, each having a planar projection with nowhere vanishing 
curvature, can be deformed into one another through a one-parameter family of knots with 
nowhere vanishing curvature if and only if they have the same knot type and the same 
self-linking number. 
Thinking of the planar projections as horizontal, we first vertically isotope the knots so 
that they lie C2-close to the northern hemisphere of a large sphere. The nowhere vanishing 
curvature of the planar projections guarantees that all the intermediate stages in this 
vertical isotopy also enjoy nowhere vanishing curvature. 
Since the two knots have the same knot type, we can deform one into the other by 
Reidemeister moves which come in three types, each of which can be carried out in either 
direction, as follows: 
Type 2: 
Type 3: 
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The Reidemeister moves are guided here by the spherical, rather than planar, projec- 
tions of the knots. In carrying out these moves, there is no necessity for avoiding inflection 
points in the spherical projections, since the nowhere vanishing curvature of the knots is 
now protected by the positive curvature of the spheres. Thus, the Reidemeister moves of 
types 2 and 3 can be carried out with impunity. We naturally expect trouble with the 
Reidemeister moves of type 1, since they change the self-linking number of the knot. 
If we need a Reidemeister move of type 1 which kills a loop, we simply pull the loop very 
tight, making it very small. 
We then carry it along through all the successive moves as if it were not there at all, 
promising to pay attention to it at the end of the procedure. 
If we need a Reidemeister move of type 1 which introduces a loop, then we simply create 
a pair of opposite loops by a “standard isotopy” through curves of nowhere vanishing 
curvature, and pull one of them very tight, making it very small, and again proceed as 
above. 
n-I-TP-7 
.4t the end of the sequence of Reidemeister moves, the two spherical knot projections 
(and the knots themselves) will coincide, except that one of them, say Ki, will be decorated 
with an assortment of tiny loops which remain as souvenirs of the Reidemeister moves of 
type 1. These tiny loops each contribute + 1 or - 1 to the self-linking number of Ki, which 
by hypothesis equals the self-linking number of Kz. Since K1 and K2 already coincide 
except for these loops, there must be as many + l’s as - 1’s. 
We pick a pair of opposite loops which are successive in the cyclical ordering around 
K1, slide one of them along K1 until it is close to the other, and then cancel the two by the 
“standard isotopy” referred to above. Iterating this procedure finally isotopes K1 to K2 and 
completes the proof. 
7. THE REVISED VERSION OF THEOREM A 
In this section we prove a revised version of Theorem A, dealing with the isotopy of 
“model spines of positive curvature”. 
Start with a spherical cap cut from a round sphere. Attach a finite number of smooth 
arcs C1, . . . , C, in 3-space to the boundary of this cap, so that in neighborhoods of the 
endpoints of the arcs, they are just continuations of circles of longitude on the spherical cap. 
Assume that all of the arcs have nowhere vanishing curvature. This is what we will mean 
here by a model spine of positive curvature. 
We will not bother to arrange that the radius of the spherical cap is smaller than the 
minimum value of K(s)/z(s)~ over all the arcs Ci; we will deal with this later, in another 
section. 
For each arc Ci, smoothly connect its endpoints by any arc on the spherical cap so as to 
produce the smooth simple closed curve CF. The added arc has nowhere vanishing 
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curvature since it lies on the spherical cap, hence CF also has nowhere vanishing curvature. 
Thus, its self-linking number li is defined. Since any two arcs on the spherical cap which 
connect the endpoints of Ci are isotopic there, the self-linking number of CF really only 
depends on the arc Ci. 
THEOREM A’. Any two model spines of positive curvature can be deformed into one another 
through model spines of positive curvature if and only if they are positively topologically 
isotopic and corresponding curves on the two spines have the same self-linking numbers. 
Note. By positively topologically isotopic, we mean topologically isotopic and preserving 
the natural orientations on the spherical caps. 
Proof. We will organize the proof of Theorem A’ into three steps, corresponding to 
those in the proof of Theorem A. 
(1) Referring to the following figure, we begin by setting notation: 
SC 
C, e K w C2 
K model spine of positive curvature 
SC spherical cap on K 
C 1, . . . , C, arcs of K attached to SC 
P center of spherical cap SC 
H open hemisphere containing SC and centered at p 
N unit outward normal vector to SC at p 
P any plane in 3-space orthogonal to N 
R orthogonal projection of K into P 
The goal of step 1 is to prove the following: 
Any model spine of positive curvature K can be isotoped through model spines of positive 
curvature so that afterwards it satisfies the following conditions: 
(a) l? is immersed. 
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(b) SC is embedded, and is disjoint from the rest of I?. 
(c) l? is contained inside the image of H in P. 
(d) All the double points of K are nondegenerate, and in particular, there are just finitely 
many of them. 
(e) K has no triple points. 
- 
(f) All the inflection points of K outside a neighborhood of SC are nondegenerate, and in 
particular, there are just finitely many of them. 
(g) The double points are disjoint from the injlection points. 
We comment briefly on these conditions. 
Condition (a) is familiar from its earlier appearance in Step 1 of the proof of Theorem A. 
- 
Condition (b) states that SC is embedded (which is automatic if SC is smaller than 
a hemisphere), and that the projected images of SC and of K - SC are disjoint. The purpose 
of(c) is to make sure that the hemisphere H is large enough so that we can later vertically 
isotope K very close to H. Conditions (d) and (e) are familiar from their earlier appearances. 
As for (f), remember that the ends of the arcs Ci are portions of great circles orthogonal to 
the boundary of the spherical cap SC, and hence project to straight line segments on P. As 
inflection points, they are certainly degenerate. So the nondegeneracy condition on the 
inflection points is meant to apply elsewhere. Finally, condition (g) is familiar from its earlier 
appearance. 
Now we prove these assertions. 
First we “flatten” and shrink the spherical cap in a neighborhood of its center point p, in 
order to enlarge the sphere containing it so that the projection B of the hemisphere 
H centered at p will contain the projection K of the entire model spine of positive curvature. 
This is just the opposite of the procedure of sharpening the spherical cap carried out in 
Section 3 during our discussion of model surfaces of positive curvature, so we omit further 
details. This gives us condition (c), which will persist even when we slightly shift the location 
of the point p in what follows. 
Guided by Step 1 in the proof of Theorem A, we now improve the projection by shifting 
slightly the location of the point p on the spherical cap SC, shrink SC and recenter it on the 
new p, and adjust the ends of the arcs Ci accordingly, with the intention of satisfying all the 
conditions (a)-(g). 
Condition (a) is achieved just as in Step 1 of the proof of Theorem A. If we choose the 
new location for the point p so that its projection is disjoint from the projection of the rest of 
K, and then make the spherical cap small enough, condition (b) will follow. Condition (c) 
was already achieved for the original location of p, and persists when we shift p slightly. 
Conditions (d)-(g) are achieved just as in Step 1 for Theorem A, with the understanding that 
condition (f), about the nondegeneracy of the inflection points in the projection, holds 
outside a neighborhood of the spherical cap. 
(2) Continuing with the situation already achieved in Step 1, we now prove: 
The model spine K of positive curvature can be deformed through a one-parameter family 
of such spines, with no changes near the spherical cap SC, until its planar projection K has no 
- 
inflection points outside a neighborhood of SC. 
We first perturb K slightly so as to control the appearance of its projection If 
just outside the spherical cap. We take each arc CL in succession, and if its projection 
Ci resembles the first figure below, we perturb it slightly so that it resembles the second 
figure. 
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The purpose of this is to guarantee that there will be an even number of inflection points 
- 
on each Ci away from SC, so that they can be paired off as in Step 2 of the proof of 
Theorem A. 
We now pair off the inflection points on each arc Ci and “slide” one member of each pair 
along Ci until it is sufficiently close to the other, and then isotope the arc Ci (keeping its 
curvature nowhere zero) until each pair of close inflection points evolves into either a single 
loop or a pair of opposite loops. The details are the same as in the proof of Theorem A, and 
may be found in [S]. 
This completes Step 2. 
(3) Now we finish the proof of Theorem A’: 
Two model spines of positive curvature, each having a planar projection as above, for which 
the projection has nowhere vanishing curvature outside a neighborhood of the spherical cap, 
can be deformed into one another through a one parameterfamily of such spines ifand only if 
they are positively topologically isotopic and corresponding curves on the two spines have the 
same self-linking numbers. 
We easily arrange that the two spines coincide on a neighborhood of their spherical 
caps, and will keep the isotopy fixed on a slightly smaller such neighborhood. 
Call one of the spines K. Vertically isotope K so as to bring it C2-close to the hemisphere 
H; we are using condition (c) of Step 1 here. The nowhere vanishing curvature of the 
projection R guarantees that the intermediate positions of the arcs Ci will continue to enjoy 
nowhere vanishing curvature during the isotopy. 
Let S2 denote the full 2-sphere with hemisphere H, and D2 the closure of the comp- 
lement of the spherical cap SC on S2. 
For convenience, we now replace vertical projection of K into H with radial projec- 
tion from the center of S2. With K sufficiently close to S2, we will lose none of the nice 
properties of this projection concerning nondegeneracy of double points and absence of 
triple points. 
The arcs T = Cl uC2u ... UC, can now be thought of as a “tangle”, which radially 
projects into 0'. 
If we carry out all these steps for the other spine K', then we get another tangle, 
T'= C;vC;u ... UC;, which also radially projects into D2. 
These two tangles are topologically isotopic, under an isotopy which is fixed in 
a neighborhood of the ends of all the arcs. 
Hence, the two tangles can be changed, one into the other, by an appropriate sequence 
of Reidemeister moves, guided by radial projection into D2. 
Now we just repeat the procedure and constructions of Step 3 from the proof of 
Theorem A: using the fact that corresponding arcs Ci and C: have the same self-linking 
numbers, we can preserve nowhere vanishing curvature while we isotope one tangle into the 
other. 
This completes Step 3, and with it, the proof of Theorem A’. 0 
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8. PROOF OF PART (b) OF THE MAIN THEOREM 
We start with two compact orientable surfaces M and M’ with nonempty boundaries 
and positive curvature, and give to each its natural orientation. We assume that M is 
deformable into M through arbitrary surfaces, with resulting orientation preserving homeo- 
morphism h: M + M’. We want to deform M into M’ through positive curvature surfaces. 
Curves on M and M’ automatically have nowhere vanishing curvature and hence, if 
simple and closed, have well-defined self-linking numbers. We claim that for each simple 
closed curve C on M, both C and C’ = h(C) have the same self-linking number. 
‘To see this, let N,(s) be the principal normal vector to C at C(s), and NM(s) the “inward” 
unit: normal vector to the surface M at C(s). Note that these two vectors make an angle of 
less than 90” because of the positive curvature of M. Thus, Nc and NM are homotopic 
normal vector fields along C. Likewise, NM, and Nc, are within 90” of each other, and hence 
homotopic normal vector fields along C’. 
As M deforms into M’, the vector field NM along M deforms into the vector field 
NM, along M’. Hence, we get the following chain of equalities involving self-linking numbers 
(SL) and linking numbers (L): 
SL(C) = L(C, C + sNc) = L(C, C + &NM) 
= L(C’, C’ + &NM,) = L(C’, C’ + &NC.) = SL(C’) 
proving the claim. 
Now let K c M be a spine for M, consisting of a smooth disc together with a finite 
number of smooth arcs C1 , . . . , C, connecting boundary points on the disc, chosen so that 
M deformation retracts to K. The arcs Ci all have nowhere vanishing curvature because 
they lie on the positive curvature surface M. 
Using Lemma 3 from Section 5, we can deform M through positive curvature surfaces o 
as to carry any preassigned isc on it to a spherical cap. In particular, we can assume that 
the disc on the spine K is itself a spherical cap, and also that the arcs Ci are, near their 
endpoints, continuations of circles of longitude on the spherical cap. Thus, K is a model 
spine of positive curvature. 
Now, using K’ = h(K) as a spine for M’, we repeat this construction so that K’ also 
becomes a model spine of positive curvature. 
Now K and K’ are model spines of positive curvature which are positively topologically 
isotopic, and for which corresponding arcs have the same self-linking numbers. Hence, by 
Theorem A’, we can deform K into K’ through model spines of positive curvature. 
Next, we sharpen the spherical caps on K and K’ so that their common radius is now 
less than the minimum of r~(s)/r(s)~, taken over all the arcs Ci and C:, and over all stages of 
the isotopy of K and K’. Now we expand these arcs to model ribbons of positive curvature 
by t.he procedure of Section 2 to obtain model surfaces of positive curvature, M+ and M’+. 
The construction of the two model surfaces of positive curvature, M+ from K, and M’+ 
from K’, is canonical. Hence, they can be dragged along during the isotopy of K into K’, 
provided simply that we keep the ribbons narrow enough so that they do not bump into 
themselves or into one another during the isotopy. 
Now we shrink M and M’ into small neighborhoods of K and K’, and from now on refer 
to these shrunken surfaces as M and M’. From a distance, M and M+ now appear quite 
similar: each looks like a cap with ribbons attached, corresponding ribbons on the two 
surfaces hare a common center line, and the inward pointing surface normals along these 
center lines are within 90” of each other. The surfaces M’ and M’+ resemble one another in 
a similar fashion. 
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Then, using Lemma 4 from Section 5, we deform M into M+ through surfaces of 
positive curvature, and likewise deform M’ into M’+. 
Finally, the chain of isotopies through positive curvature surfaces: 
M - M+ - M’+ - M’, 
provides the desired isotopy between M and M’, completing the proof of the Main 
Theorem. 0 
9. PROOF OF THEOREM B 
In 3-space, closed surfaces of positive curvature are just the boundaries of convex 
regions, hence rather restricted in appearance. And yet, by the Main Theorem, every 
compact orientable surface with nonempty boundary can be isotoped until it has positive 
curvature. Thus, positive curvature surfaces can acquire interesting shapes because of their 
boundaries. Hence, the curve C which we will construct to have self-linking number zero, 
yet bound no positive curvature surface, is a compromise: not so simple that it obviously 
bounds a positive curvature surface, yet not so complicated that it permits interesting 
positive curvature surfaces to be reasonable candidates. 
Below is a picture of the curve C and of its projection pC onto a horizontal plane. Note 
that C has nowhere vanishing curvature because pC obviously does. One sees easily that 
C has self-linking number zero, and that in fact C and its slight perturbation in the direction 
of its principal normal are geometrically unlinked. 
Most of the curve C lies in the union of the two horizontal planes H+ and H- . In fact, 
the tangent line to the portion of C which lies in H+ turns through more than 360”, and 
likewise for the portion of C which lies in H _. The vertical plane V is a plane of reflective 
symmetry of C, and cuts C at the two points x and y. 
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The idea of the proof is to first assume that C bounds a compact orientable surface S of 
positive curvature, then to show that S must lie inbetween the horizontal planes H+ and 
H-, and finally to get a contradiction on the shape of the curve C’ of intersection of S with 
the vertical plane V. 
To begin, suppose that C bounds a compact orientable surface S of positive curvature. 
Suppose also that a portion of S lies above the horizontal plane H+. Then let a horizontal 
plane H, descend from infinity, and observe its intersections, C, = H,nS, with S. The 
descending plane H, first meets S at a maximum point, which then opens up into a small 
convex simple closed curve C, as H, is lowered. More components of C, can appear as H, is 
lowered further, but we will come to a contradiction when H, coincides with H+, because 
the portion of C lying on H + cannot possibly be a part of convex simple closed curve, since 
its tangent line turns through more than 360”. 
Thus, no portion of S can lie above the plane H +. Likewise, no portion can lie below the 
plane H_. Hence, S lies entirely in the closed slab between these two horizontal planes. 
Look at the point x on CnV. We ask where the normal N to the surface S at the 
point x lies. Since N is certainly orthogonal to C, we must have N lying in I/‘. Also, N 
must make an angle < 90” with the principal normal PN to C at x, as shown in the figure. 
Thus, N points somewhere along the vertical semi-circle in V, e.g. as shown in the figure 
below. 
1’ 
Now let the curve C’ be the component of S n V containing the points x and y. It is easy 
to see that the intersection of S with I/ is transversal all along C’. The principal normal PN' 
to C’ at x must coincide with the normal N to the surface S at this point, because both 
vectors lie in V, and both are orthogonal to C’ at x. 
Hence, C’ bends thus at x: 
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But, by the same argument, C’ bends thus at y: 
Hence, C’ must have an inflection point somewhere between x and y, contrary to the fact 
that C’, since it lies on a surface of positive curvature, has nowhere vanishing curvature. 
Thus, no such surface S exists; in other words, the original curve C cannot bound 
a compact surface of positive curvature. 
We note that this argument yields the same contradiction if we permit the surface S to be 
immersed rather than embedded. 
10. PROOF OF THEOREM C 
Let K be a smooth knot in 3-space with nowhere vanishing curvature and self-linking 
number zero. We want to deform K through such curves until it bounds a compact, 
orientable surface of positive curvature. This is an immediate consequence of the Main 
Theorem and Theorem A, as follows. 
Let M be a compact orientable surface in 3-space bounded by K, i.e., a Seifert surface. By 
part (a) of the Main Theorem, M can be deformed into a surface M’ with positive curvature. 
The boundary K’ of M’ has the same knot type as K and also has self-linking number zero, 
since it bounds a surface of positive curvature. Hence, by Theorem A, K can be deformed 
into K’ through knots with nowhere vanishing curvature, completing the argument. 
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